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ABSTRACT

Curves made up of circular arcs and straight lines which approximate
troposkiens of interest in the design of crosswind-axis wind turbines have
been calculated for a variety of constraints. These curves were fitted to
the troposkiens by numerical iteration by using both a least-squares and a
least-maximum fit. Curves produced with the least-maximum spacing criteria
approximate the troposkiens more closely than curves developed with the
least-squares goodness-of-fit criteria.
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Half the distance between the points of attachment of a troposkien on the

axis of rotation; normalizing constant

Constants in the equation for the straight-line portion of the fitted

curve

Constants in the equation for the straight line normal to a troposkien

Maximum deflection of the troposkien from the axis of rotation

Distance between the normalized troposkien and the normalized fitted

curve measured normal to the troposkien
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Parameter in the elliptic integral (see Eq. (A.34))
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r and z coordinates of the point at which the circular-arc and straight~
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r and z coordinates of the point at which the troposkien normal
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PRACTICAL APPROXIMATIONS TO A TROPOSKIEN
BY STRAIGHT-LINE AND CIRCULAR-ARC SEGMENTS

Introduction

A troposkien,l'2 the shape assumed by a perfectly flexible uniform cable when
attached at two points on a vertical axis and then spun about this axis in the absence
of aerodynamic and gravitational forces, has practical application in the design of

r4 of crosswind—-axis wind turbine. The blades, if fabricated with

the Darrieus type3
a troposkien profile, will theoretically be free of bending stress caused by centrifu-
gal loads. Any appreciable deviation from the troposkien shape will induce bending
stresses, and practical experience has shown that these bending stresses can be large
enough to cause blade yield. BAn artist's conception of the Darrieus wind turbine is

shown in Figure 1.
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Figure 1. Artist's conception of a Darrieus-type
vertical-axis wind turbine

Mathematically, the troposkien shape can be expressed in terms of elliptic
integrals.1 However, fabrication of the troposkien shape may not be economically

practical because the use of numerically controlled machining techniques would



probably be required. Therefore, it may be advantageous to approximate the troposkien
shape with a shape or combination of shapes which are simpler to fabricate. One
approximation is the parabola proposed by Templin3 for an analytic study of the aero-
dynamic performance of the Darrieus wind turbine, However, the problems connected
with the manufacturing of a parabolic wind turbine blade are no simpler than those
associated with a troposkien blade. As an alternative it has been suggested4 that the
troposkien be approximated by two straight lines joined to a circular arc, two shapes
which are reasonably simple to manufacture. This type of approximation is shown in
Figure 2, where all lengths have been normalized by a, half the distance between the

attachment points on the axis of rotation.
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Figure 2. Coordinate system used to describe the
troposkien and the fitted curve

The purpose of this report is to explore mathematically several straight-line/
circular-arc approximations to troposkiens As was shown in Reference 2, these
troposkiens lie in the range of B's between 0.8 and 1.2, where 8 is the ratio of the
maximum blade displacement from the axis of rotation to one-half the spacing between

the attachment points on the axis of rotation. The troposkien of maximum swept



area® for a given blade length between the points of attachment on the axis of
rotation2 occurs at B = 0.99458568. This maximum swept area troposkien is used as
the reference troposkien in the present study; however, troposkiens with 8's of 0.8,

0.9, 1.0, 1.1, and 1.2 are also examined.

Fitting Procedure

Figure 2 presents a schematic of a troposkien and its straight-line/circular-
arc approximation. The axis of rotation is the z-axis and, because the troposkien
is symmetric about the r axis, the center of the circular portion of the fitted curve
lies on the r axis. In this figure, the troposkien is shown as a solid line and the
fitted curve as a broken line. Also, in order to keep the present analysis somewhat
general, all lengths used in the following discussion have been normalized by a, the
distance between the origin in the r,z coordinate system and the point at which the
troposkien intersects the z axis. If the maximum displacement of the troposkien from
the z axis, which occurs at z=o, is labeled b, it is possible to characterize any
particular troposkien by means of the ratio2

B==. (1)

b

a
With regard to the fitted curve, the center of the circular arc lies on the

r axis at a distance R from the origin of the r,z coordinate system, and the inter-

sections of the fitted curve with the r and z axes occur at distances of Rm and Zm

along the respective axes. In addition, it is assumed that the slope of the fitted

curve is continuous at the point where the circular arc and the straight line meet.

Several criteria can be used as tests for "goodness-~of-fit" between the tropo-
skien and the fitted curve. Two of the more common, the ones considered here, are
(1) the least-maximum difference between the two curves (the so-called minimax) and
(2) the least root-mean-square of the spacings between the two curves, where the

spacings are calculated at selected points along the troposkien. The word "difference"

*
The swept area is the area common to the volume swept out by a rotating

flexible cable (which gives rise to the troposkien shape) and a plane containing
the axis of rotation. This area is 4 times the area between the r and z axes and
the troposkien in Figure 2.
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as used here is not clearly defined and could in fact refer to the differences in
either the z coordinates or the r coordinates of the two curves or to some combination
of them. The one difference which appears to best describe the closeness of the two
curves is the magnitude of the separation between them measured normal to the tropo-
skien; this difference is used in this study. In terms of the notation in Figure 2,

this last difference, d, is

o [PREN RN

where the subscripts t and i refer to the troposkien and to the fitted curve, respec-
tively. The point (Zi,Ri) is the point of intersection of the fitted curve and the
line normal to the troposkien which passes through the point (Zt,Rt) on the troposkien.

The fitted curve intersects the z axis at (Zm,O) and the r axis at (O,Rm).

Because the center of the circular-arc segment of the fitted curve lies on the
r-axis, the two parameters R and Rm uniquely determine the circle which produces the
circular portion of the fitted curve. Also, the point (Zm,O) and one additional point
are sufficient for determining the straight-line portion of the fitted curve. The
relationship obtained by applying the condition that the slope must be continuous at
the circular-arc/straight-line junction permits this second point (specifically, the
point of juncture between the circular arc and the straight line) to be expressed in
terms of R, Zm, and Rm. Consequently, the three parameters R, Zm, and Rm uniquely
determine a line made up of a circular arc and a straight line whose slopes are equal

at their junction.

In these equations, B is assumed to be given; in the various computer runs, Zm
and Rm are either fo be determined by the numerical calculations or are to be con-
strained so that the fitted curve intersects the troposkien at the point where the
troposkien crosses the z and r axes, respectively. In all cases the numerical values

of Zj’ Rj' and R are to be determined by the calculations.

The equations used in the computer program for determining the best fit (derived

in Appendix A) are listed below for convenience.

Troposkien equations:l

NRSET



Fitted curve:

Circular-arc segment:

Straight-line segment:

Troposkien normal-fitted curve intercepts:

When the troposkien normal intercepts the circular arc segment:

(4)

(5)

(6)

(7)

(8)

(9

(10)

11
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R, =R - \—YF (11)

z, = (Zm - th: _ mth)_(R’; )— R)}+ z (12)

2.4 -~ 2,
R. = _ji_EL___;LZ (13)

a = [(zi - zt)2 + (Ri - Rt)z]l/2 . (14)

The details of the logic used to calculate the various quantities are given in

Appendix B.

Results and Comments

Values of R, Zm, and Rm that satisfy the least-squares and/or least-maximum~
spacing goodness-of-fit criteria have been determined for several B's between 0.8 and
1.2 and for a variety of constraints on zm and Rm' The calculations were performed

on a CDC-6600 computer by means of the code MAXDIF.

The numerical results of these calculations are listed in Tables I through III.
Table I gives the coordinates for the normalized troposkien of maximum swept area for
a fixed blade length at 100 points along the curve. For this case B = 0.99458568.
Table II presents the geometrical characteristics of the straight-line/circular~arc
combination which approximates the normalized troposkien of 8 = 0.99458568. These

data were calculated at either 100 or 1000 points along the curve by using a least-

maximum separation or a least-squares goodness-of-fit criterion and various constraints

on Zm and Rm' Parameters calculated for circular-arc/straight-line approximations to
troposkiens with B's between 0.8 and 1.2, using a minimax goodness-of-fit criterion,

are listed in Table III.
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TABLE II*

Tabulation of the Calculated Results for a Normalized Troposkien
of Maximum Swept Area for a Given Arc Length Between the Points of Attachment

RUN NUMBER

NUMBFK OF
MAMP ING POINTS

EQuaL SAMPLING
INCREMENTS BASED ON

GOODNESS OF FIT
CRITERION

FIXFD POINTS
ON FITTED CURVE

RM
P4,

VALUE OF GOOONESS
OF F1T CRITERION

COORDINATES OF POINTS
ON THE TROPOSKIEN AT
MAX14UM SEPARATION

CUDSNINATES OF POINTS
ON TwE FITTED CuUPVE
AT MAXIMUM SEFARATION

MAXMUuM SEPARATION

CNORDINATES OF THE
INTEISECTION OF THE
TROPOISKIEN AND THE
FITTED CURVE

MINIMUM
SPACING

Z=1.0000000
R=0.0000000

£=0,0000200
R=0.9945857

0.5309468 °
0.706R771
043521419
0.9945857
1.0000000
0.018151&
2=0.7473023
Rz0.4177260

720.3951606
R=0.8354520

2=0.7321699
R=0.4077010

Z=0.4066198
R=0 8495294

0.0181518

£x1.0000000
R=0+0000000

2=0.5559803
R=0.6759037
2=0.0000000
R=®0.9945857

1000

MINIMUM
SPACING

Z=1,0000000
R=0,0000000

Z=0.0000000
Rz0.9945857

0.5369%43
0.7048717
0.3521 346
0.9945857
1.0000000
0.06181536
Z=0,7505736
R=0,4127531

2=0,3963739
R=0,8344574

2=20,7354248
R=0,4027499

2=0,4078563
R=0, 0485182

0.0181536

Zx1,0000000

R=0.0000000

2=0,.5559485
Rz20.6758969

2=0,.0000000
R=0,9945857

*

Machine computer printout; symbols used in the table are

D)

100

LEASY
SUUALED

7=1,0000000
R=0.0000000

2z0.1010000
R=0.4%954857

0.55139.68
0.69:4976
03356049
069945857
140000000
0162762

72=0.4137293
R=0,.E 115603

7=0,4331349
R=0.5322173

00220222

731.0000000
R=0.00970000

7304%943865
R=0.t2 6869

7=0.1030000
R=0,4945857

1000

LEAST
SQUARES

Z=1.0000000
K=0,0000000

Z20.0000000
R=0,9945857

0.5$539300
0.67249:2
0.3356418
0.9945857
1.,0000000
0.012937)

1=20.4164351
Rz0.8175494

25044307953
K=z0+H342495

0.0220251

Z21.0000000
R=040000000

2=0+5%43486
R=046297479

7=0.0000000
R=0,9945357

S

100
CENTRAL
ANGLE

MININUM
SPACING

Z=1.0000000
kx0.0000000

Z=C,0000000
R=0,9%45857

05359685
070448614
0.3521207
09945857
1,0000000
0.0181473
Z=0,7523479
Hx0,40928A03

220.4002216
P=0.8312820

Zx0,7376937
R=0.3993022

2=0,4117696
R=0,86452809

0.0181473

Z=1,0000000
R=0.0000000

2=20,5560092
R=0.6757549

2=0,0900000
R=0,9949857

those available on the printer.
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1000
CENTRAL
ANGLE

MINIMUS
SPACING

£=1.,0006000
R30,0000000

2=0.,0C00000
R=0,9945857

065369541
0.704R8T719
03521348
0e994548%7
1.0000000
0.018]1536
I%0.,7500479
RE0,4] 35534

Z=0,3960825
Rz0.8346965

Z=2.,7369016
R={ 06035465

Z=0,4075596
R=0,8487617

0.0181534

2=1,00060000
P=0.0000000

2=0.5559R82
R=0.6158972

2z0,0000000
R=0,994%85%7

7

100
CENTRAL
ANGLE

LFAST
LUARE S

7#},000G000
Rx0.00000060

Z2=0.,00000G0
R=0, 9745457

045439907
0.6997773
0e3452162
0.,99454557
l.0000000
0.,01H039)

ZaG.6002216
H20,68312R820

230.,412770%
K20 HaH696T

0.0197208

I=1,0000000
R=0.0000000

220.5713899
HB0.H57T31)

2%0,0000000
R=20,9945857
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NUMKER QOF
SAMU_ING POINTS

EQUAL SAMPLING
INCREMENTS BASED ON

GO0DNESS OF FIT
CRITERION

FIXEN POINTS
ON FIITED CURVE

M
™

VALUF OF GOODMESS
OF FI1 CHITERION

COURNINATES OF POINTS
OMN YWt TWOPOSKIEN AT
MAXIMUM SEPARAT[ON

LOODINATES OF POINTS
ON Tsik FITTED CURVE
AT MAAIMUM SEPARATION

MAXKTUUM SEPARATION
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INTFRLECTION OF% TrE
TROPOSKIEN AND THE
FITTED CURVE

&

1000
CENTRAL
ANGLE

LEAST
SQUARES

221.0000000
K=0,0000000

2%0.0000000
R=(,9945857

0.5439895
0.5997782
0.3452874
0.9945857
1.0000000
0.,0126804

I8 ,4083557
R=0,82783647

L50.4169916
H¥0,8427845

0.0197307

£%1,0000000
H=0,0000000

L=20.5713922
H®"(,6577278

7=0.0000000
R=0.9945857

TABLE II (continued)

9

100
CENTRAL
ANGLE

MINIMUM
SPACING

Z=1.0000000
R=0,0000000

0.5653837
0.6721232
03065280
0.9798174
1.0000000
0.0147683
Z=0,7621687
R®0,3349976

L30,4515249
R%0,7858769

£=0,0000000
R=0,99458%7

Z=0,7494030
H>0,3869234

I=0,46]106)1064
R30,796H614

Z=0,0000000
R=0.9798174

0.01476A3

2=1.0000000
R=0.0000000

I=0,5866767
R=0,6391945

20 ,2493454
R=0,9319209%

10

1000
CUNTR.L
ANGLE

MINIM M
SPACING

2=1,0:100000
R=0,0100000

0.5654058
0.6721038
0.3065025
0.9798138
1.0005000
0.0147719
7=0.7668220
R=0,387816%

7204575068
R=0.7868334

Z=0.00¢2000
R=0.9945857

7=0,7%443173
R20.3777650

22046605861
R=0.,79/6324

720,0000000
P=0,97v3138

0.0147719

2=1.,0000000
#=0,6G000000

7=0,5866461
R=0,6372555

720.,2493734
1209319310
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100
CENTRAL
ANGLE

MINIMUM
SPACING

Z=0.0000000
R=0.9945857

0.5182856
0.7230132
0.3642354
0.9945857
1.0187841
0.0154510
Z=1.0000000
R=0,0000000

2=0.7059411
REQ.4791453

2203794745
R=0.8480237

Z#1.0133806

R20,007A8054

2x20,6932082
Rx0.4703255

2=0.3890038
R=0,8602370

0.0154910

Z20.8984140
R=0.1733850

£30.,5319879
R20,7032191

Z20.,0000000
R20.9945857
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1000
CENTRAL
ANGLE

MINIMUM
SPACING

2x0,0000000
R=0.9945857

0.5182969
0.7230063
0.3642230
0.9945857
1.0187872
0.0154936
2=1.0000000
R=0,0000000

Z=0,7021653
R=0.4846120

Z20.3794745
R=0,8480237

Zx1.0133429
R=0,0078071

2=0,6894486
R=0.4757612

Z30.,3890054
R=0,R602390

0.0154936

Z30.8984086
R=0.1738984

120,5320139
R=0,7031908

2=0,0000000
R20.9945857
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100
CENTRAL
ANGLE

MINIMUM
SPACING

(NONE)

0.5463539
046920980
0.3218586
0.9818433
1.0153576
0.0127424
Z=1.0000000
R=0,0000000

220.72647669
R=0.4515324

2=0.4311008
R=0.80646367

2:0.,0000000
R=0.994585%7

7=1.0110065
Rz0,0064208

2=0.7142217
RxT0.4443794

250.4395804
R=0.8141480

2=0,0000000
R=0.,9818433

0.0127424

250.9045226
R=0.1635566

Z=0.5625119
R®0.6682541

2x0,2392779
R%0.9369206

14

1000
CENTRAL
ANGLE

MINIMUM
SPACING

(NONE)

0.54A3654
0.6920882
0.3218413
0.9818397
1.0153619
0.0127460
2%1,0000000
R=0.,0000000

2=0.7210087
R=0.,4570915

720.4331490
R=0,R027962

Z20.0000000
R20.9945857

Z=1.0110096
R=0.00642206

Z30.,7106743
Rx0.44G71062

220.44106G06s
R=0.812249)

2=0.,0000000
R=0,9818397

0.0127460

230.9045233
R®0.1635621

220.5625063
R20,6682693

2=0.239313¢6
R29,9369239



Tabulation of the Parameters R, Ry, 2
and Z; for Curves Fitted to Normalized Troposkiens With B's

TABLE III

m’

Maximum d, R+

of 0.8, 0.9, 1.0, 1.1, 1.2, and 0.99458568 by Use of
100 pPoints, the Least-Maximum-Spacing Criterion, and
Equal Central Angle Increments

Least-Maximum

B R Zy R Spacing zj Rj
0.8 0.0475462109 1.0124650764 0.7904565415 0.0095434596 0.5676283964 0.5268308475
0.9 0.1937760100 1.0139410840 0.8888200630 0.0111799383 0.5561208918 0.6106882182
0.9945

8568 0.3218585935 1.0153575500 0.9818432850 0.0127424055 0.5463538774 0.6920980209
1.0 0.3289571819 1.0154365990 Q.987]677470 0.0128322546 0.5458240196 0.6968121637
1.1 0.4563082750 1.0169705559 1.0855132320 0.0144867693 0.5366786056 0.7847515003
1.2 0.5780035445 1.0184325500 1.1838771380 0.0161228620 0.5285395660 0.8741939198

Locations of the points on the troposkien at which the separation d was calcu-
lated were selected in two ways. In the first the sampling points were equally spaced
along the r axis. In the second the points were distributed along the troposkien in
such a way that all angles between lines drawn from any two adjacent sampling points

to the (r,2) origin were equal.

Figures 3 through 8 have been plotted from the data of Table I and from circular-
arc/straight~line approximation curves computed with constants listed in Runs No. 1,
3, 7, 9, 11, and 13 in Table II for 100 points along the troposkien arc. The corre-
sponding runs, Nos. 2, 4, 8, 10, 12, and 14, respectively, which used 1000 calculated
points along the troposkien arc, produced plots which could not be distinguished from
the plots made from 100 points and are therefore not presented. Also, the plots for
Runs No. 5 and 6 could not be distinguished from the plot of Run No. 1; consequently,

these two runs are not plotted.

Figure 9 is a plot of the troposkiens and fitted curves for B's of 0.8, 0.9, 1.0,
1.1, and 1.2 with the end points of the fitted curves not constrained. Figure 10 is

a plot of the parameters listed in Table III as a function of R.
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Figure 3. Comparison of troposkien and fitted curve:
B

= 0.99458568, Zy = 1, Ry = B, equal r
increments, minimax spacing
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Figure 4.

Comparison of troposkien and fitted curve:
B

= 0.99458568, Z, = 1, R, = B8, equal r
increments, least=-square spacing
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Comparison of troposkien and fitted curve:
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increments, least-square spacing
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Comparison of troposkien and fitted curve:
B = 0.99458568, Zn=1, Ry unconstrained,
equal-angle increments, minimax spacing
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Figure 7.

Comparison of troposkien and fitted curve:
B = 0.99458568, Zy unconstrained, Ry = B,
equal-angle increments, minimax spacing
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Figure 8.

Comparison of troposkien and fitted curve:

B = 0.99458568, Z, unconstrained, Ry uncon-
strained, equal-angle increments, minimax-

spacing
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L2

—— Troposkien
— — Fitted Curve

Zp and R, Unconstrained—

100 Equal-Central-Angle
Increments
Least-Maximum Spacing

1.0

0.8,

0. 9|

0.4

0.2

Figure 9. Comparison of troposkien and fitted curve:
B =0.8 - 1.2, Z, unconstrained, Ry uncon-
strained, equal-angle increments, minimax
spacing

In the calculations whose results are reported here, all input data have been
entered to no less than eight significant figures, and the convergence criterion in
the MAXDIF code was set so that the differences in the final two iterated values of
each of the quantities R, Ry, and Z_, when not fixed by the constraints of the particu-
lar case under consideration, were less than 10-10. This was done in order to ensure
that the results reported here are reliable to the listed seven decimal places. The
maximum difference between the final two iterated values of the quantity used as.a
test for convergence was always < 3 x lO_lO. The variable used to test for convergence
was either the maximum separation between the troposkien and the fitted curve or the
least sum of the squares of the calculated distances between the troposkien and the

fitted curve.

The results of the present investigation indicate that, when the least-maximum
difference is used as the goodness-of-fit criterion, the troposkien of maximum area
for a given arc length between the points of attachment (B = 0.99458568) can be ap
approximated by means of a curve made up of a circular arc and a straight line so that
the separation between the curves is less than 1.3 percent of half the distance between
the troposkien attachment points if the end points of the fitted curve are not con-
strained. If the fitted curve is constrained to be coincident with the troposkien only

at the r-axis intercept, the separation can be held to less than 1.55 percent; if



constrained to be coincident only at the z-axis intercept, this separation can be held
to less than 1.48 percent. If the ends of the fitted curve are constrained to be co-
incident with the troposkien at both the r and the z axis intercepts, this separation

can be held to less than 1.82 percent.

If the least-squares fit is used as the criterion for goodness-of-fit, these

spacings increase by less than 0.5 percent for the four cases investigated.

After examining the calculated results for the cases in which B = 0.99458568,
it was felt that 100 equal~angle sampling points were adequate and that the least-
maximum spacing criterion was the better of the two goodness~of-fit criteria

considered.

Figure 10 shows the dependence of the various parameters on B in the vicinity
of B = 1.0 when using 100 sampling points with equal central angle spacings, when
using the minimax goodness~of-fit criterion and when neither R, nor Z  is constrained.
These data indicate that Zm’ Rm, Rj, R, and the least-maximum spacing increase with

increasing B and that Zj decreases with increasing 8.

0.8/ - —

0. 6 / .

Normal Distance

0.4

0.2

Least-Maximum Spacing-—\
R E 1- - b - —
03 0.9 10 L1 1.2
B

Figure 10. Plot of the calculated values of 2
Ry, Z4, Ry, R, and the minimax spacing
between the normalized troposkiens and
the fitted curves as a function of
B for 0.8 =B = 1.2

21
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From this investigation, it appears that troposkien shapes of interest in the
design of crosswind-axis wind turbines can be approximated closely with a line made
up of a circular arc and a straight line. However, before any decision is made as to
which approximation should be used to define the shape of the blades in a Darrieus-
type of wind turbine, the magnitude of the bending stresses introduced by the various

approximations should be determined.



APPENDIX A

DERIVATION OF THE EQUATIONS

In the following analysis the coordinate system and notation shown in Figure 2

are used. Where normalized quantities are used, the normalizing constant is a.

Let the subscript t refer to the troposkien, c¢ to the circular~arc portion of
the fitted curve, £ to the straight-line portion of the fitted curve, n to the line
normal to the troposkien, and j to the junction between the circular arc and the
straight line. Also, let R be the normalized distance along the r-axis between the
center of the circular-arc segment of the fitted curve and the origin of the (r,z)
coordinate system, Zm the normalized value of z at the point where the fitted curve
meets the z~axis, and R, the normalized value of r at the point where the fitted
curve meets the r-axis. The normalized coordinates of the junction between the fitted

curve's circular~arc and straight-line segments are designated zj and Rj'

From this notation and the coordinate system of Figure 2, the equation for the

fitted-curve circular arc can be written as

2 2 2
(rc - R) = (Rm - R) -z, (a.1)
which has the slope
drc zc
az__ \r_ -Rr}" (2.2)
c c

The minus sign in front of the right-hand side of Eqg. (A.2) is necessary because
the slope of the troposkien, the curve to be approximated, is negative in the first

quadrant.
The equation for the straight-line section of the fitted curve is

r, =a + bzzl , (A.3)
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whose slope is

— =15 . (A.4)

At the point where the straight-line section intersects the z-axis, r, = 0 and
z, = Z . Substituting 2, for those values in Eq. (A.3) gives
a, =-b Z . (A.5)

The term a, in Eq. (A.3) can be eliminated by use of Eg. (A.5); substitution yields

r, = - bk(zm - zk) . (a.6)

In that the coordinates of the circular arc and the straight line are equal at

the point (Zj,Rj) where they meet,

zZ =2z =2, (A.7)

and

r =xr =R, . (A.8)
Substituting Egs. (A.7) and (A.8) into Egs. (A.l) and (A.6) gives

(Rj - R) = (R - R)2 -z, (a.9)
and

R, = - bZ(Zm - zj) . (A.10)

The slope b% in Eq. (A.10) can be eliminated by applying the condition that the

slope at the junction is continuous. Equating the slopes as given by Egs. (A.2) and

(A.4) and substituting from (A.7) and (A.8) gives

drc drl Z.
dz_ =&, =By = - g Tw- (8-11)

Eliminating the term b in Eg. (A.10) by use of Eg. (A.ll) yields

L



R, = _—J_(zm - zj) . (a.12)

Equations (A.9) and (A.l2) give two independent equations in Zj and Rj' whose solution
can be found as follows. Subtract R from both sides of Eq. (A.12) and multiply the
result by (Rj - R) to get

(R. - R) = z_(z - z,) - R(R. - R) . (A.13)
J AR J J
Substitute for (Rj - R)2 from Eq. (A.9) into Eq. (A.13). This yields

R, - R =
J

o

[zmzj - (Rm - R)z] . (A.14)

By squaring both sides of this equation and substituting from Eq. (A.9) for the

resulting term (Rj - R)2, a quadratic equation for Zj can be obtained:

2 2 2
%2 (R - R R - R\ - R*/R_ - R
z.2-2%“l’——)—z.+ i )2 £m ) =0 . (A.15)
J R + 2 J R® + 2

. (A.16)

The sign to be used in front of the radical in Eq. (A.16) can be determined to be
positive by incorporating known numbers into Eq. (A.16). It is known2 that, when
Zm = 1.0 and Rm = 0.99458568 and if R = 0.3, there will be two points at which the
straight line will be tangent to the circular part of the fitted curve, one in the
first and another in the fourth quadrant. When the above values of Zm’ Rm’ and R are

substituted into Egqs. (A.14) and (A.16), the plus sign yields

Zj = 0.5916, Rj = 0.6639 , (A.17)
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whereas the minus sign yields

Zj = 0.2936, Rj = - 0.3295 . (A.18)

Therefore, because the present analysis is restricted to the first quadrant, both Zj

and Rj must be positive; consequently, the plus sign must be used in Eq. (A.16).

Before the separation d between the troposkien and the fitted curve as given
by Eq. (2) in the body of the paper can be calculated, it is necessary to determine
Zi and Ri. These are the coordinates of the point of intersection of the fitted
curve and the normal to the troposkien that passes through the point (Zt,Rt) on the

troposkien. The point (Zi,Ri) depends not only upon 2 _, R_, R, Zm, and Rm but also

t t

upon whether the troposkien normal intersects the circular-arc or straight~line
portion of the fitted curve. First, consider the case where the troposkien normal
intersects the straight-line segment of the fitted curve. In this case the eguation

for the troposkien normal can be written as

r¥r =a + bz , (3.19)
n n n'’n

where the constants an and bn depend upon the location of the point of interest
(Zt,Rt) along the troposkien. The slope of this line is the negative reciprocal of
the slope of the troposkien at the point (Zt,Rt) where the normal intersects the

troposkien. Consegquently,

S I S (a.20)

8 (A.21)

At the point where the normal meets the troposkien, their coordinates must be equal,

which requires that if (Zt,Rt) is the point on the troposkien under consideration,

z =2 and r =R, . (A.22)
t n



Substituting these values into Eg. (A.21) gives

4
a =R +—%. (A.23)
n t m
t
Eliminating a between Egs. (A.21) and (A.23),
z -2
r =R - |-2—E£}. (a.24)
n t mt

An equation for the linear portion of the fitted curve can be obtained by substituting

for bz from Eq. (A.1l1l) into Eq. (A.6), so that

Z.
r, = |—2 =}z -2z ) . (A.25)
L m

Zi—Zm
Ri = Rt “\— (A.26)
t
and
zZ,
R, =-[—4L—Wz, -z} . (a.27)
i Rj - R 1 m

. (A.28)

Once Zi is known, Ri can be determined from either Eg. (A.26) or (A.27).
Consider now the case in which the troposkien normal intersects the circular-

arc portion of the fitted curve. The equation describing the circular-arc segment is

Eg. (A.l), which when evaluated at the point (Zi,Ri) is

(Ri - R)z = (R - R)2 -z.“. (a.29)
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Equation (A.26) is valid at all points on the troposkien and when combined with

Eqg. (A.29) can be used to determine Zi for the circular segment as follows:

Subtract R from both sides of Eq. (A.26) and square the result to get

It
—
R

1

oo}
e

1
EIN

(Ri - R)2 (Rt - R)(Zi - zt) + __2(Zi - zt)2 . (A.30)

Equating the right-hand side of Egs. (A.29) and (A.30) yields the

following equation:

N 0. (A.31)

This is a quadratic equation in Zi whose two solutions are

, 1/2
Z+m(R-R) R - R
z, = t tt2 limt(l+mt2)z+$R_R -1 . (A.32)
1+m t t(t )

By using the same procedure as was used in connection with the sign in Eqg. (A.16),
it can be shown that the plus sign is applicable in Eq. (A.32). Once Zi is known, Ri
can be calculated from Eq. (A.26).

In these derivations, the slope m_ of the troposkien as given by Eq. (A.20) is

t
assumed to be known. An expression for mt, derived in Reference 2, is
dr r 2 r 2k2 vz
t 2k t t
dz, ~ ~ 2 7 -1 2 "1 d (8.33)
1~k B B8

where B is the ratio of the maximum blade deflection of the troposkien to one-half the

spacing between the attachment points on the axis of rotation. The two parameters B



and k are not independent but, rather, are connected by the equation

B = P (A.34)
ESEE

where F(m/2;k) is the complete elliptic integral of the first kind with parameter k.
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APPENDIX B

SEQUENCE OF CALCULATIONS USED
IN THE COMPUTER CODE MAXDIF

The actual fitting procedure was started by assuming a value for B and then
computing values of Zt and mt corresponding to a series of values of Rt by means of
Egs. (3) - (5). Two methods were used to select the values of Rt. In the first
method, the various Rt's were assumed to be equally spaced along the r-axis between
the origin and the point at which the troposkien intercepts the r-axis. In the
second method, the Rt's were distributed along the r-axis in such a way that angles
formed by lines drawn from the origin to points on the troposkien defined by any two

adjacent values of Rt were equal.

Values of R, Rm’ and Zm were then assumed, and values of Zj and Rj were calcu-

lated by means of Egs. (6) and (7).

Equations (10) and (12) were then used to compute Zi and Ri for each value of
Rt. For cases in which Ri > Rj' d was calculated from Eq. (14) for each value of Ri
greater than Rj; Zi and Ri’ given by Egs. (10) and (ll), were used in these calcula-
tions. For cases in which Ri < Rj' d was calculated from Eq. (14) for each value of
Ri less than Rj; Zi and Ri given by Egs. (12) and (13) were used in these calculations.
It should be noted that Eg. (14) gives the magnitude of the separation between the

troposkien and the fitted curve.

At this point, a choice of the goodness-of-fit criterion was made. When the
least-maximum-difference criterion was used, the maximum value of d was stored as the
maximum error; when the root-mean-square was used, the sum of the squares of the d's

computed at each Rt was stored as the maximum error.

The process was continued by assuming a second value for R, with Rm and Zm
fixed, and by repeating the above sequence of calculations to obtain a second value
of the maximum error. These two values of the error were compared, and from them an
estimate of a new value of R which gives the minimum maximum error was calculated and
used to calculate a third estimate of R. This process was continued until the differ-

, . -10
ence between two succeeding values of the maximum error was less than 10 .
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After convergence was obtained for R, then Rm and Zm (if not fixed by
constraints) were varied in the same manner. This operation produced the values of

R, Rm' and Zm listed in the data presented here.
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8100 L. Gutierrez
Attn: 8110 A. N. Blackwell
9480 J. E. Stiegler
Attn: 9483 W. V. Hereford
9483 T. C. Looney
8266 E. A. RAas (2)
3141 L. S. Ostrander (5)
3151 W. F. Carstens (3)
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